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ON THE MOVEMENT OF ROBOT ARMS IN 2-DIMENSIONAL
BOUNDED REGIONS*

JOHN HOPCROFTt, DEBORAH JOSEPH} anp SUE WHITESIDESS

Abstract. The mover's problem is the following: can an object in 3-dimensional space be moved from
one given position to another while avoiding obstacles? 1t is known that the general version of this problem
involving objects with movable joints is PSPACE hard, even for a simple tree-like structure moving in a
3-dimensional region. In this paper, we investigate a 2-dimensional mover’s problem in which the object is
a robot arm with an arbitrary number of joints. In particular, we give a polynomial time algorithm for
moving an arm confined within a circle from one given configuration to another. We also give a polynomial
time algorithm for moving the arm from its initial position to a position in which the end of the arm reaches
a given point within the circle, Finally, we show that 148 circles suffice to cover the boundary of the reachable
region of a joint in an arm enclosed in a circle and that the boundary can be computed in polynomial time.

Key words. robotics, manipulators, mechanical arms, algorithms, polynomial time

1. Introduction. With current interests in industrial automation and robotics, the
problem of designing efficient algorithms for moving 2- and 3-dimensional objects
subject to certain geometric constraints is becoming increasingly important. The mover’s
problem is to determine, given an object X, an initial position P, a final position P,
and a constraining region R, whether X can be moved from position P, to position P,
while keeping X within the region R. Polynomial time algorithms (Lozano-Perez and
Wesley [3], Reif [5], Schwartz and Sharir [6]) are known in the case where X is a rigid
2- or 3-dimensional polyhedral object, and R is a region described by linear constraints.

A more difficult problem, which is related to problems in robotics, assumes that
the object X has joints and is hence nonrigid. Schwartz and Sharir [7] give a polynomial
time algorithm, the degree of the polynomial being exponential in the number of joints,
for moving X from position P, to P, within a region R. Unfortunately, an algorithm
with running time polynomial independent of the number of joints is unlikely, as Reif
[5] has shown that the problem of deciding whether an arbitrary hinged object can be
moved from one position to another in a 3-dimensional region is PSPACE complete.

This paper investigates variants of the mover’s problem that we believe are of
interest. We begin in §§ 2 and 3 by considering the problem of folding a carpenter’s
ruler—that is, a sequence of line segments hinged together consecutively. This problem
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BOOK REVIEWS 481

Chapters | and 2 separately review the two areas of study which are to be
synthesized to obtain the main topic of this book. Deterministic mathematical
programming with multiple objectives (MCDM) is reviewed in Chapter 1, and
stochastic programming with one objective function is reviewed in Chapter 2. The
author presents a good review in both chapters with an emphasis on those results or
methods which can be extended to the multicriteria stochastic programming problem.

Both chapters concentrate on the mathematics with a theorem-proof format.
Many references are given to complete texts and sets of papers dedicated to these
topics. A good foundation in these separate areas would help the reader considerably,
since little time can be spent in a single “review” chapter on motivating intuition,
graphically representing concepts or providing many numerical examples.

To solve the stochastic programming problem with multiple objectives the author
describes two approaches:

(1) Replace the stochastic programming problem with multiple objectives by an
equivalent deterministic problem with multiple objective functions (as done on some
stochastic programming approaches for single criteria). Now employ any deterministic
MCDM approach to obtain a solution.

(2) Reduce the problem to a stochastic problem with only one objective function
(as done in deterministic MCDM using synthesis functions, distance metrics, goal
programming, etc.). Now solve the single criteria stochastic problem using the ap-
proaches presented in Chapter 2.

Chapter 3, “Approaches to Stochastic Programming with Multiple Objective
Functions,” considers the second approach above in two cases. Chebyshev and
fractional programming (in the case of two objectives) synthesis functions are devel-
oped. The distribution of each function is explored in theorem-proof format followed
by an example. The goal programming case is developed in §3.3 and leads to a
deterministic equivalent quadratic programming problem as suggested in the first
general approach given above. Section 3.4 treats the group decision-making problem,
and §3.5 introduces the concept of efficiency or pareto-optimality for stochastic
MCDM. The PROTRADE method of Goichoechea, Duckstein and Bulfin is pre-
sented in §3.6. A special treatment of the stochastic MCDM problem is offered in
§3.7 for the case of discrete distributions.

Chapters 4-6 explore specialized topics in more detail: Kataska’s problem, the
minimum-risk problem, the minimum-risk approach to the Chebyshev problem,
multiple minimum-risk solutions. and the classical transportation problem  with
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Abstract. We provide a tutorial-siyle review of stochastic dual dynamic programming (SDDP), one of
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